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rn ! 1 Introduction 

O 

O , A natural question that arises in general relativity is whether some sets of so- 

lutions of the, say vacuum, constraint equations carry a manifold structure. 
For example, it is useful to have a Banach manifold structure on the set of 
asymptotically flat solutions of the constraint equations when trying to min- 
imise the ADM mass [7,8, 10]. Appropriate manifold structures allow one to use 
^ ' tools such as the Smale-Sard theorem, or the Baire category theorem, when dis- 

. cussing genericity of some properties of solutions of the Einstein equations. The 

existence of a Frechet manifold structure^ for (a subset of) the set of solutions 
of the vacuum constraint equations on a compact manifold is a consequence 
of linearisation stability studies of Fischer, Marsden and Moncrief, (see [20,21] 
and references therein, compare Theorem 4.6 below). The results there have 
also been studied in the context of asymptotically flat initial data sets on a 
manifold with compact interior in [1]. 

While the above results might be satisfactory for several purposes, they do 
not lead to a Banach manifold of solutions. In finite dimension there is no 
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need to introduce a distinction between Banach, or Hilbert, or Prechet man- 
ifold structure; however, the differences are significant in infinite dimension, 
because some facts which are true in Hilbert spaces are not necessarily true in 
all Banach spaces. Similarly some properties of Banach spaces do not carry 
over to Frechet spaces. (The reader is referred to [18, 24, 25, 29] for analysis on 
infinite dimensional manifolds.) 

In the asymptotically flat case an alternative method has been developed 
by R. Bartnik^ for constructing a Hilbert manifold structure on the space of 
solutions of the vacuum constraints, essentially based on the conformal method. 
It uses a (weighted) x H^~^^ topology, > 1, on the space of {K,g)^s, and 
it is clear that the method generalises to certain other settings of interest. 
Such spaces are well adapted to the evolution problem, at least for k large 
enough. However, in that method one does not have the flexibility in controlling 
boundary or asymptotic behavior which is provided by the Corvino-Schoen [12, 
15] version of the Fischer-Marsden-Moncrief approach. 

The purpose of this note is to show that a Banach manifold structure can 
be obtained by a variation of the Fischer-Marsden-Moncrief-Corvino-Schoen 
method. It turns out that a direct application of the standard a priori es- 
timates [28] for the construction below does not seem to lead to a manifold 
structure based on Sobolev spaces, which would have been more natural for the 
evolution problem, and which would have led to a Hilbert manifold structure. 
Instead, e.g. on compact manifolds without boundary, we obtain a manifold 
modeled on (a subset of) the space C'^'" x C^'", > 4, a G (0, 1) of symmetric 
tensors. This appears somewhat surprising at first sight, as a natural set-up for 
the evolution problem (regardless of the Sobolev vs Holder space issue) might 
seem to be one where the differentiability of the extrinsic curvature tensor K 
is one order less than that of the metric g. On the other hand, since K^s can 
be thought of as variations of g's, from a manifold structure point of view it 
seems natural that the K's live in a space with the same differentiability as g. 
Whatever the natural space is, the C*^'" X C*^'" topolo gy or weighted versions 
thereof are the ones which are obtained by the method here; this is a rather un- 
expected consequence of our analysis in this paper. As already pointed out, and 
as made clear in the applications below, the manifolds of initial data obtained 
here exhibit more structure than what is obtained by the conformal method 
and its variations. 

In our construction of the manifold structure we use a smoothing device 
to recover the loss of regularity inherent to the Fischer-Marsden-Moncrief ap- 
proach. This allows us to work consistently in spaces with finite differentiability, 
leading to the Banach manifold structure described above. We use a general 
approach of weighted spaces as in [12], which allows a simultaneous treatment of 
the compact case with or without boundary, and of the asymptotically flat case, 
and of the conformally compactifiable case, with families of different topologies. 

All the results presented below remain valid in the time- symmetric setting, 
K = 0. This implies that all the manifold structures presented here have their 

^R. Bartnik, in preparation. Some similar ideas have also been considered by L. Andersson 
(private communication). 
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obvious counterparts for the set of Riemannian metrics with prescribed scalar 
curvature. 

This paper is organised as follows: In Section 2 we review the framework 
of [12], and we show how the results there can be used to define a local Hilbert 
manifold of solutions near a given solution; the resulting manifolds can not be 
patched together in general because of insufficient regularity of the operators 
involved. In Section 3 we present our basic regularisation procedure, which 
turns out to still be insufficient to provide a (global) Hilbert manifold structure. 
In Section 4 we therefore pass to an analysis in weighted Holder spaces. We 
prove there that (the KID-free part of) the level sets of the constraints map 
are, globally, embedded submanifolds in a Banach space, see Theorem 5.2, 
under very general conditions on the weights; this is the main result of the 
paper. In fact, we prove that the level sets of the constraint map foliate (in a 
sense made precise in Remark 5.10 below) the KID-free part of the space of all 
{K,g)^s. In Section 6 we show that the hypotheses made in Theorem 5.2 are 
fulfilled on compact manifolds with or without boundary, or on asymptotically 
compactifiable manifolds, or on asymptotically fiat manifolds. In appendix A we 
prove a lemma which provides a submanifold structure in Banach spaces under 
rather general conditions, as well as a foliation result. In Appendix B we present 
two regularisation procedures in weighted spaces, as needed in applications of 
the submanifold Theorem 5.2. For the convenience of the reader those results 
from [12] which play a key role in the current construction have been presented 
in detail, including some introductory comments borrowed from [12] whenever 
useful for the clarity of the argument. 

2 The construction 

Let 

^{K,g) ■.= {J{K,g),piK,g)) 
be the general relativistic constraints map: 

iK,g):= , (2.1) 

P J \ R{g)-\K\^ + {tTKy-2A J 

where A is the cosmological constant. (The function c^p/IGttG is the energy 
density of the matter fields, while c^J/IQttG is the energy-momentum flux vec- 
tor.) The general relativistic constraint equations are '^{K,g) = 0, whatever 
the space-dimension n. As those equations are trivial in space-dimension zero 
and one, in the remainder of this work we shall assume that n > 2. 

Let h = 6g and Q = 6K, the linearisation P(K,g) oi the constraints map at 
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{K,g) reads 



P{K,g){Q,h) 



-2WQij + 2Vi trQ - 2{ViKP'i - ViKPi)hpq 



-A(tr/i) +divdiv/i- (/i,Ric {g)) +2KP^Kiihpg 
-2{K,Q) +2tTK{-{h,K) +tTQ) 



J 



(2.2) 

Recall that a KID is defined as a solution (N, Y) of the set of equations 
P{Kg)(^'^) = 0, where P(^k g) formal adjoint of P{K,g)- 



/ 2iV ^iYj) - VYigij - KijN + tvKNgij) 



iK,g) 



iY,N) 



V%K,j - 2K\iV,)Yi + KiiVqY^gij 



ANgij + ViV.Af 



V HVPKipgi, - ViKij)Y' - iVRic {g)ij + 2NK\Kji - 2iV(tr K)Kij 

(2.3) 

We shall denote by JXf{Vl) the set of KIDs defined on an open set In vac- 
uum space-times g) KIDs on a spacelike hypersurface VI are in one-to-one 
correspondence with Killing vectors of g [27] on the domain of dependence of 
Q,. A similar statement holds in electro-vacuum for appropriately invariant ini- 
tial data for the electromagnetic field, the reader is referred to [9] for some 
comments about general matter fields. 

Following [12], we will be using weighted function spaces defined as follows. 
Let (f) and -0 be two smooth strictly positive functions^ on M. For A; G N let 
H^,{g) be the space of H^^^ functions or tensor fields such that the norm^ 



\u\ 



H 



k 

if (E^'iV^')^l^)V''ci/x,)^ (2.4) 



is finite, where stands for the tensor V.-.V-u, with V — the Levi-Civita 



i times 

covariant derivative of g; we assume throughout that the metric is at least 
^ioc°' liiglisr differentiability will be usually indicated whenever needed. For 
A; G N we denote by ^ the closure in ^ of the space of functions or 
tensors which are compactly (up to a negligible set) supported in M, with the 



norm induced from ^. 



The ^'s are Hilbert spaces with the obvious scalar 



product associated to the norm (2.4). We will also use the following notation 



H 



1.1 ' 



L 



i, 



H' 







^We use the analysts' convention that a manifold M is always open; thus a manifold M with 
non-empty boundary dM does not contain its boundary; instead, M := MUdM is a manifold 
with boundary in the differential geometric sense. Unless explicitly specified otherwise no 
conditions on M are made — e.g. that dM, if non-empty, is compact — except that M is a 
smooth manifold; similarly no conditions e.g. on completeness of {M,g), or on its radius of 
injectivity, are made. 

''The reader is referred to [4, 5, 23] for a discussion of Sobolev spaces on Riemannian man- 
ifolds. 
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so that = ijo := Hl^. We set 



W^'^ := {u G VFi^;f° such that <t)'\V^'^u\g G L°°} , 

with the obvious norm, and with V^'^^u — the distributional derivatives of u. 

For (j) and ip — smooth strictly positive functions on M, and for /c G N and 
a G [0, 1], we define C^'^ the space of (7^'" functions or tensor fields for which 
the norm 

Mcl'lig) = SUPxeMEto {\W^^^u{x)\\g 

+ SUPo^d^(,,j,)<^(,)/2 J 

is finite. 

We will only consider weight functions with the property that there exists 
£ G N U {co} such that^ for < z < ^ we have 

|</,^-iV«</.|3 < Q , |</'V~'V»Vl3 < ' |0V~'V«</p|, < a , (2.5) 
for some constants Cj. The following situations seem to be of main interest: 

• If M is compact without boundary we will use (f) = = cp = 1. 

• If dM is compact, smooth, and non-empty, we will use for = x a function 

which is a defining function for the boundary, at least in a neighborhood 
of the boundary; that is, any smooth non-negative function on M such 
that dM is precisely the zero-level set of x, with dx without zeros on dM. 
Then tp and (p will be a power of a; on a neighborhood of dM. Condition 
(2.5) will hold for metrics which are smooth up-to-boundary near dM. 

• If M contains an asymptotically flat region, (f) will behave as r, while ip 
and ip will behave as a power of r in the asymptotically flat region; (2.5) 
will hold for a large class of asymptotically flat metrics. 

• If M contains a conformally compactifiablc region, then in a neighborhood 
of the conformal boundary (p will be taken to be 1, while tp will be a power 
of the defining function of the conformal boundary. 

• Exponentially weighted versions of the above will also be considered. 

In all those situations one can obtain elliptic estimates in weighted spaces for the 
equations considered here by covering and scaling arguments together with the 
standard interior elliptic estimates on compact sets (c/., e.g. [2,3,6,11,22,26]). 
We will refer to this as the scaling property. More precisely, we shall say that 
the scaling property holds (with respect to some weighted Sobolev spaces with 
weight functions ^ and (p, and/or weighted Holder spaces with weight functions 
ip and (p, whichever ones are being used will always be obvious from the context) 

^Conditions (2.5) will typically impose i restrictions on the behavior of the metric and its 
derivatives in the asymptotic regions; it is therefore essential to allow £ < oo if one does not 
wish to impose an infinite number of such conditions. 
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if there exists a covering of M by a family of sets f^Q, for a in some index set /, 
together with scahng transformations (pa : Via on each of the sets ^a-, such 

that the transformed fields {Kai9a) on 0.^ are in^ in VF^'°°(Oa) x W'^'°^{Q.a), 
and such that the usual interior elliptic estimates on the A^'s can be pieced 
together to a weighted estimate, such as (4.7), for the original fields. Some 
sufficient conditions for the scaling property are discussed in [12, Appendix B]. 
We note that the scaling transformation of the fields on {K,g) — > {Ka,ga), 
will typically consist of a pull-back of the fields, accompanied perhaps by a 
constant conformal rescaling. The "scaling property" is a condition both on 
the metric g, the extrinsic curvature tensor K, and on the weight functions 
involved: indeed, both the metric coefficients, the connection coefficients, as well 
as their derivatives, etc., which appear in our equations must have appropriate 
behavior under the above transformations so that the required estimates can 
be estabhshed. 

Conditions (2.5) guarantee the following: 

Lemma 2.1 LetkeZ, k> -2. Suppose thaf g G Wi^'^^'°° and that 

mc{g)er'W^^''^ig), (2.6) 

K e r'W^^'^^ig) . (2.7) 
// (2.5) holds with < i < k + 2, then the linear operators 

Pk,) ■■ X r'Hl%\9) X r'H'^%\9), k>-2, (2.8) 

P(^,,) : i^'m'^%\g) X <P'H'^%\g)) i^\Hl%\g) x H^^ig)), k>0, 

(2.9) 

are well defined, and bounded. 

The following operator is of interest in our context, 

where $ is defined by 

^{x,y):={(t>x,4>''y) . (2.11) 
A useful inequality to make things work is the following: 

C\\^P(Ko,,o)iy^mLlM > WYhlM + IMhI.M ■ (2-12) 
Let /Co be kernel of 

'^P*Ko,g,) ■■ X Hl^iao) Lligo) x ^(^o), 

^It is conceivable that in some situations loss a priori regularity on the (Ka, ga)'s can be 
assumed, but this is the setup which seems to play the most important role in our paper; the 
reader should be able to adapt the differentiability conditions to his needs if required. 

'^The local difFerentiability conditions follow from the requirement that the k+ fourth co- 
variant derivatives of A'^ and the k+ third ones of Y can be defined in a distributional sense; 
both of those conditions are fulfilled by a metric g € W^io^^'°° — the reader should note that 
the first covariant derivatives of N do not involve the Christoffel symbols of g since AT is a 
function. 
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and let ICq-^^o be its L'^{go) © L^(5'o)-orthogonal. We denote by Tr^-i-g the 

L'^{g) projection onto JCq" . The following result, proved^ in [12], is a weighted 
equivalent of those in [13,14,16] (compare [15]): 

Theorem 2.2 ( [12, Theorem 3.6]) Letk> 0, go G W^^^^'"^ , suppose that (2.5) 
holds with < z < 4 + fc, that 

Ric (5o) G 0-'<^''°°(<7o) , Ko e r'W^^''^{go) , 

and that the weights (p and have the scaling property. If there exists a compact 
set Jif C M such that for all H^^{go) vector fields Y and H^^{go) functions 
N, both supported in M \ , the inequality (2.12) holds, then for all {K,g) 
close to {Ko,go) in (l>~^W^'^^'°° (go) x W^'^^'°°{go) norm, the map 

^^x,L^,^ : /Co^« n iHl%H9) X H'^%Hg)) ^ IC^^ n iHl%\g) x H^^ig)) 

is an isomorphism such that the norm of its inverse is bounded independently 
of{K,g). 

□ 



Wc will see how to use this result, and certain variations thereof, to ob- 
tain a manifold structure on various sets of solutions of the vacuum constraint 
equations. More generally, one obtains a manifold structure on the set of initial 
data with (J, p)-fixed. Recall that a Banach manifold is a Hausdorff topological 
space M such that for every p £ M there exists a neighborhood C M of 
p equipped with a homeomorphism (f)p from to an open subset i^p of some 
Banach space Bp. The couple {^p,<pp), and sometimes simply the set ^p, will 
be called a coordinate patch. On overlapping coordinate patches ^/p and the 
maps (j)p o (f)~^ are supposed to be smooth diffeomorphisms from their domains 
(t>q{'^p n '%'q) C Bq to their images ^^('^ n '^q) C Bp. One can similarly define 
the notion of a Hilbert manifold, and of a Frechet manifold. 

A connected embedded submanifold of an open subset of a Banach space is 
always a manifold modeled on any of its tangent spaces (which are all necessarily 
diffeomorphic, compare Corollary 5.11 below). We will actually prove that the 
level sets of the constraint map form embedded submanifolds in such a space, 
which will provide the desired manifold structure. 

We start with the following observation: 

Proposition 2.3 (Local Hilbert manifold (and submanifold)) Under the hy- 
potheses of Theorem 2.2, suppose that there are no KIDs: 

^S'(go) X ^l%\go) DJCo = {0} . (2.13) 

^Actually in [12] the hypothesis is made that the cosmological constant A vanishes, which 
is not assumed here (compare (2.1)). The inclusion of a cosmological constant does not require 
any modifications of the proofs there, insofar as the results discussed here are concerned. 
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Assume that the map 

{5K,5g) ^ { ( ^ ) [{Ko.go) + {6K,6g)\ - ^ ) (i^o,5o)} ^^'^^^ 
is differentiable at zero. Then the set 

So = {{Q,h) G i;H^H^%'{9o) X <l>'H^%H9o)), 

(J, /j)(Ko + Q,go + h)- (J, /9)(ifo, 5o) = 0} 

(2-15) 

is an embedded submanifold of il^"^ {4>H^'^ (go) x (j)^ H^'^ (go)) in a neighborhood 
of zero. 



Proof: A rather general justification is provided by Lemma A.l, Appendix A, 

T^o,9o)' 



by setting u = Du{{)) = i^^'^'^P^K^ v = ^-^[{J,p){Ko + .,go + ■) 



iJ,p){Ko,go)], DviO) = i^-'P(Ko,go)^ E = H^igo) x H'^%'igo), F = 

^'HHl%\go) X H'^%\go)), and G = H^%\go) x H^^go). The hnear map 
u is continuous by Lemma (2.1), hence differentiable, while v is differentiable 
by hypothesis. The required isomorphism property for Dv{0) o Du{0) follows 
from Theorem 2.2. □ 



Example 2.4 To motivate and illustrate the results so far, consider the case 
of a compact manifold M without boundary; other examples of interest will be 
treated in detail in Section 6. We choose <j) = ip = 1, so the spaces involved 
are standard Sobolev spaces. As M is compact we can take J(f = M so that 
condition (2.12) is trivially satisfied. The smoothness hypotheses on the map 
(3.2) are satisfied by standard calculus in Sobolev spaces. If (Kq, go) is a (7*^+^ x 
(jk+3 initial data set without KIDs, Proposition 2.3 provides a manifold of 
jj-k+2 solutions of the constraint equations passing through {Ko,go). 

Example 2.4 clearly exhibits an unfortunate differentiability mismatch here 
which leads to an essential obstruction when trying to glue together the coordi- 
nate patches obtained so far, and which therefore prevents one from obtaining a 
Hilbert manifold structure on the set of all solutions of the constraints equations 
using the method above. In Section 5 wc will show that a (different) manifold 
structure can nevertheless be obtained using the following approach: consider a 
data set {Ki,gi) without KIDs in an appropriate Holder differentiability class, 
let {SKi,Sgi) be a solution of the constraints with the same differentiability 
class, and suppose that you can smooth out (Ki + SKi,gi + 5gi) to a smooth 
set {K, g), in a way consistent with the set-up of Theorem 3.1. If one can solve 
the equation 

( ^ ) {{Ko+SK,go+Sg)+r^'P^^^^)iY,N))-(^ ^ ) {Ko+SK, go+Sg) = (^f^ 

(2.16) 

then one has a better chance of ending in a space with the original differentia- 
bility. 



8 



3 A regularised problem 

The aim of this section is to implement the above in weighted Sobolev spaces. 
Consider again a compact manifold without boundary, let {K, g) be of C'^+^i" x 
(jk+2,oL (iiffcrcntiability class, and first regularise {K, g) by the usual convolution 
method to obtain a new smooth couple {K^,g^), then define 



Roughly speaking, the equation we will attempt to solve will be (2.16) with 

P*j^ g) there replaced by P* . The idea is to solve that equation for (Y, N) G 
C^'" X C^'", and then use elhptic regularity to get to {¥, N) G C''+3,a ^ (jk+4,a^ 
obtaining the desired extrinsic curvature and metric in (7^^+^'" x C^~^'^'°'; we 
emphasise that one would not get that last differentiability without the regu- 
larisation. Somewhat more generally, let < fco < — 2, still in the compact 
boundaryless case one has the following convergence property: 

P:^P* in LiH'^o+3^go)xH'^^;\go),r^^^ 

which is precisely what is needed to make the arguments work. In general we 
will therefore assume that we have a smoothing operation {K,g) {K^,g^) 
such that 

(K„ 5e) -e-^o {K, g) in 0-^<°+^'~(5o) X <°+''~(5o) ■ (3.1) 

(In Appendix B we give conditions on the weight functions which guarantee 
that the smoothing operation with the above properties exists.) This leads to 
the following variation of Theorem 3.9 of [12]: 

Theorem 3.1 Let k > 0, go e Wi^^*'"^ , assume that (3.1) holds with = k 
and suppose that (2.5) holds with < i < 4 + /c. Assume moreover that 

Ric (5o) G 0-'<+'''"(5o) , e 0-^<+''°°(5o) , 

and that the weights cp and ip have the scaling property. Suppose further that 
there exists a compact set C M such that for all H^^{go) vector fields Y and 

H^^{gQ) functions N, both supported in M\J(f , the inequality (2.12) holds. If 
the weights are such that the map 

^t' n {Hl-^{g) X Hl%\g)) n (ki^i^ x ^^^(5)) 

iY,N) ^ TT^x^r' I ( ^ ) [{K,g) + ^P^^^P:{Y,N)] - ( ^ ) (K,^)} 

(3.2) 

is differentiable in a neighborhood of zero, then it is bijective in a (perhaps 
smaller) neighborhood of zero, for all e small enough. In other words, for suf- 
ficiently small e, there exists S > such that for all {K,g) close to {KQ,go) 

in r'<+''"(5o) X W^+^''^{go), and for all pairs {6J,Sp) G i^\Hl%\g) x 
II^^{g)^ with norm less than 5, there exists a solution 

{6K, dg) = ^^'^P:{Y, N) G i^'ml%\g) x <t^'Hl%\g)) , (3.3) 
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close to zero, of the equation 

{( ^ ) p ) (^■•»'} = v^*-^ ( t ) ■ 

(3.4) 

The solutions of the form (3.3) with sufficiently small norm are unique. 
Proof: Instead of (3.4) we consider the projection of the equation 

^ ) ((if,5) + ^2$2p*(y,7V)) - ( ^ ) (K,5) = ( ) , (3.5) 

If e is small enough then {Ki.,gi.) is close to {K,g) in 4>~'^W^°^^'°° {go) x 
iyA;o+4,oo|-^^^ thus close to (ii'cS'o) in the same space. Because of the high 
differentiability threshold assumed all the coefficients in the equations are in 
Lj^j,, and it is easy to check that the operator P* converges to P* when s goes 
to zero in such a way that the estimates in Appendix G of [12] remain uniform. 
It follows that for e small enough P* can be used in place of P* to define the 
right inverse needed in the arguments of Appendix G of [12]. □ 

One would like to use elliptic estimate arguments to show that if {K,g) is 
smooth, and if (6 J, 6p) is smooth, then the solution is smooth. We have not 
been able to implement such an argument in the spaces used above because of 
poor differentiability of the coefficients of the equations. This has the effect that 
the size of the neighborhood for which the theorem applies might depend upon 
k. This problem will be sidetracked by working in weighted Holder spaces. 



4 Analysis in weighted Holder spaces 

Before passing to an analysis of the regularised equation (2.16), let us show 
that the results established in [12] can be used to obtain a Frechet manifold of 
smooth solutions of constraint equations without KIDs. 

In order to obtain a coherent set-up in weighted Holder spaces we will need 
to impose some more conditions on the weight functions (j), (p, and ip: 

1. First, note that (2.5) can be rewritten as ^ G C'^'^-i, ^ ^^^^-n V ^ 
C^^^i. When dealing with Holder spaces one also needs to assume Holder 
continuity of the derivative weights, so (renaming £ — 1 to .^) we will 
assume: 

<^GCj;_,, ^GCj;.,, (4.1) 

2. As discussed in [12, Appendix B], the following conditions are useful for 

deriving the scaling property: Let us denote by Bp the open ball of center 
p with radius (f){p) /2. We assume that there exist constants Ci, C2, C3 > 
such that for all p G M and all y ^ Bp, we have 

crV(p) < m < cmp) , (4.2) 

C2-V(P) < V{y) < C2ip{p) , (4.3) 
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3. Since the tool to handle non-linearities in this paper is the inverse function 
theorem, wc need to make sure that the changes in the initial data are 
small as compared to the data themselves. A necessary condition for that 
is that the new metric be uniformly equivalent to the original one. One 
way of ensuring this is 

^V'c;'^(5o) C C^l'^igo) . (4.5) 
This will hold under the following condition: 
Proposition 4.1 The inequality 

^2<^V"^ < C . (4.6) 

implies (4.5). 

In order to check this the reader might wish to prove first that the condi- 
tions imposed so far imply that 

Lemma 4.2 If u G ^,^'"1(5) ^'^'^ ^ ^'^'^^(fl')? ''^^^^ ''"-s of the (fa's satis- 
fying (4.3) and <p satisfying (4.1) with £ > k, then uv G C^''i^^if^{g) . 

Lemma 4.2 can be used to show an equivalent of Lemma 2.1 in weighted 
Holder spaces. 

Clearly all those conditions are fulfilled when = = ^ = 1; they will also 
be fulfilled in the other examples of interest discussed in Section 6. 
To proceed further some terminology will be needed: 

Definition 4.3 We will say that an operator L from H^^.^p x H^^^ to H^ ,^ x H^ ,^ 
satisfies the weighted elliptic regularity condition if there exists a constant C 
such that for all {Y,N) m x H^^ satisfying L{Y,N) G x C^'^ we 

have {Y,N)GC';%'^-xC';%'^" with' 

||(F,7V)|| ,+3,.,^.+4,. < C f ||L(y,iV)||^.+i,.^^..„ + ||(r,iV)||^3 ,^4 ) . 

(4.7) 

When Lff)^^ defined in (2.10) satisfies the weighted elliptic regularity condi- 
tion one has the following: 

Proposition 4.4 (Proposition 3.16 of [12]) Zei /c G N, < a < 1, assume that 
(4.1) with l>k-\-A holds, and that (4.2)-(4.4) and (4.6) hold. In addition to 
the hypotheses of Theorem 3.1 with e = 0, suppose that go G C''+^'°', and that 

Ric (50) G 0-'C^,t''"(5o) , Ko G </'-icJ+''"(5o) • 

We further assume that the weights (f), (p and tp have the scaling property. 
Suppose, next, that we have the continuous inclusions 

i^'cp'c;yg)cHl,4g) (4.8) 
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for i = k,k -\- 1, with the inclusion norms uniformly bounded for g close 
to go in C^^^'"((7o)- Assume finally that L^^^{K,g) satisfies the weighted 
elliptic regularity condition, with a uniform constant C in (4.7) for {K,g) 
close to (i^O)5o) 4>~^C^X^''^{9o) x C^\^'"{9o)- If the source {6J,6p) is in 
i^^iHl^ig) X Hl^{g))nij^{C^'^J-'''{g) x C^l'^ig)), with sufficiently small norm, 
then the solution obtained in Theorem 3. 1 with e = is in 

□ 

Proposition 4.4 gives existence of Holder continuous solutions. We can apply 
the usual bootstrap arguments to those solutions to obtain smoothness, when 
all the objects at hand arc smooth (compare the proof of Theorem 4.9 below): 

Proposition 4.5 (Proposition 3.17 of [12]) Let k ef^, a e (0,1), assume that 
(4.1) withl > k+A holds, and that (4.2)-(4.4) and (4.6) hold. Suppose moreover 
that the scaling property holds. Assume that {K,g) G C^+^^°' x (7^+4>" and 
iy,N)eC};;{g)xCl%{g). If 

( ^ ) [iK,9)+^'^'P(j,,,^iY,N)] - ( ^ ) [{K,g)] G ^\cl^J''^{9) x C'^l^^ig)) , 

(4.9) 

then iY,N) e C'^%''''{g) x Cj+^'"(5)), thus 

{5K, Sg) e V'(0C^'+/'"(5) X 02cJ+/'"(5)) • (4.10) 

Example 2.4 (continued) : Applying the last two propositions to the setup of 
Example 2.4 one finds that smooth solutions of the linearised constraint equa- 
tions correspond to smooth solutions of the full non-linear constraint equations. 
This leads then to a Frcchct manifold of smooth solutions near every smooth 
solution. The argument at the end of proof of Theorem 5.2 justifies the isomor- 
phism property on the overlaps of the coordinate charts, and we have therefore 
obtained the Fischer-Marsden-Moncrief result: 

Theorem 4.6 (Fischer, Marsden, Moncrief [21]) Let M be a compact manifold 

with boundary. Then the level sets S of the constraints map form a submanifold 
of the set of smooth (K, g) 's at all {K, g) which have no KIDs. Each connected 
component Sq thereof is a Frechet manifold modeled on KeiP(^K,g) C x C°°, 
where {K,g) is an arbitrary element ofSo. 

Specialising all the considerations so far to the case K = Y = one recovers 
a theorem essentially due to Fischer and Marsden: 

Theorem 4.7 (Fischer, Marsden [19]) Let M be a compact manifold with 
boundary. Then the level sets of the scalar curvature functional on the space 
of smooth metrics form a submanifold at all g which do not correspond to the 
space-part of some static solution of the vacuum Einstein equations with a cos- 
mological constant. Each connected component So thereof is a Frechet manifold 
modeled on the kernel of DR, as calculated at some arbitrarily chosen metric 
9 G '^o- 
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The argument of the proof of Theorem 3.1 also estabUshes: 

Proposition 4.8 Under the conditions of Proposition 4-4^ assume that (3.1) 
holds, and suppose that tp^'^ Ptp'^ P* satisfies the weighted elliptic regularity 
condition, with the constant C in (4.7) being uniform for (K , g) close to {KQ,gQ) 
in <p~^C^"^^'"{gQ) X C^"^^''^ {do) c-^'d e small enough. Then Proposition 4-4 
remains valid with k replaced by ko and P* replaced by P* when e is small 
enough. 

Our first main result is the equivalent of Proposition 4.5 with less regularity 
conditions on {K, g) : 

Theorem 4.9 Let k e k > 2, a e (0, 1), assume that (4.1) with i > k + 4 
holds, and that (4.2)-(4.4) and (4.6) hold. Under (3.1), suppose that the scaling 
condition holds for e > 0. Assume that {K,g) G (7'=+2,q: x (7^+2,0 ^^^^ {Y,N) G 
Cj>)xCj^(5). Fore small, tf 

( ^ ) [{K,g)+^'^'P:{Y,N)] - ( ^ ) [{K,g)] G V'(Cj+;'"(3) x Cl%{g)) , 

(4.11) 

then iY,N) G C'^%''''{g,) x Cj+^'"(5.), thus 

{SK,Sg) G V' (<^<;''"(5) X <^^Cj+2'"(5)) • 

Remark 4.10 The appearance of e in the claim that {Y,N) G Cj'J'"(5e) x 

C'^^''^{ge) is due to the fact that y is a priori not sufficiently differentiable 

to be able to define spaces such as (^^^^'"(^e)- Any fixed metric uniformly 
equivalent to g, with appropriate weighted differentiability properties, could be 
used instead of g^. 

Proof: It suffices to rewrite the rescaled non-linear elliptic equation (4.9) for 

(Y, N) as a linear elliptic equation for (Y, N) and freeze coefficients (depending 
on (K + 5K, g + 6g) hence on {Y,N)). The interior Holder estimates [28, Theo- 
rem 6.2.5, p. 223] on the sets Cla appearing in the definition of scaling property 
give the local regularity, and the scaling property gives the global weighted 
regularity. □ 



5 Banach manifold structure 

Throughout this section the symbol go denotes a fixed metric with (local) reg- 
ularity C""+'''° on M. 

For k,l G {0, ...,m + 4}, q G (0, 1) and g a metric in C'^3x{l,k),a^ define 
the Banach space 

^'£^^i9) = K4g)r^c'^:^^{g), 

equipped with a norm being the sum of the two norms. (It should be clear 
from (4.10) that this is the topology which one needs to use on the space of 
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the metrics when using the methods described above.) When k G {0, m + 2} 
and when (4.5) hold, we define the fohowing open subset of '^^^^^■^^'^^^'"(^o) of 
symmetric two-covariant tensor fields on M: 

•^'Zp,'^i9o) ■■= [h e ip'^(f>'^A^^^^^'°'{go) , go + his a metric uniformly equivalent to 
We note the continuous inclusions: 

4i%"(5o) c V^0^A|'^+^'"(5o) c Cj,f' ^^(50) ( c <+^'~(5o)) . (5.1) 
We have the 

Lemmas. 1 Let k G {0,...,m + 2} and I G {0,...,k + 2}. Assume (4.1)-(4.5). 

Then for all h G A^~\^'^{go) we have 

C'^M + ^) = ^tM^ ' ^i^^ao + h) = iJj,^(5o) , 
with equivalent norms. In particular, 

Proof: Let g = go + h, we define T = T — Fq, since g is uniformly equivalent 
to go the usual formula for T allows one to estimate this by C\Voh\gg. By the 
middle inclusion in (5.1) we then have T G (f>~^C^'^^'"{go). For a tensor u, we 
have \\u\\gQ uniformly equivalent to \\u\\g. For the derivatives we write 

Vu = Vou + (V - Vo)u = Vou - Tu . 

If u G C'^'^^{go) by the product Lemma 4.2 we obtain (f)Vu G C^''^{g). The 

higher derivatives follow by induction. This shows that C'^'° (50) C C^^^^{g)- 

We note that the above implies that — /i G ■0^^^C^'^^'°(g'), and the reverse 
inclusion follows by symmetry. 

The proof for the Sobolev spaces is identical. □ 

Theorem 5.2 Let k G {2, m} and a G (0, 1), and 

Ric (50) G 0-'C^J;r(5o) , Ko G r '"(50) ■ (5.2) 

Suppose that the scaling property and the weighted regularity condition hold, 
and that (4.1) -(4.4) together with (4.6) are satisfied. Assume also that for aW 

(Q, h) G ^^MjSJ'"(5o) X 4+^,"(5o) (5.3) 

there exists a compact set J(f C M such that for all H^^{go) vector fields Y 
and H^^{go) functions N, both supported in M\J(f , the inequality (2.12) holds 
® Actually it suffices to assume that this hypothesis holds on Sf^j^^^^y 
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with {Kq^qq) there replaced by {Kq + Q,go + h) . Suppose, further, that for all 
{Q, h) as in (5.3) the map 

{SK, Sg) ^ (J, p){Ko + Q + SK,go + h + dg)- (J, p){Ko + Q,go + h) (5.4) 

is differentiable from a neighborhood of zero in ip"^ (pH'^ ^{go) x ^(^iq) to 

ip'^H^ ^ (50) X ip'^H^ ^ (50) • Consider any non-empty connected component of the 
set of KID-free level-sets: 

{J,p){Ko + Q,go + h) = {Jo,po), Ker P^c,+Q,g,+h = {0}} 

(5.5) 

// there exists a smoothing operation (3.1) with ko = 0, then S(^j^ pg^ is an 
embedded submanifold of i/j^(l)A^^^^^''^{go) x A''^'^^'" (go) ■ 

Remark 5.3 Differentiability of the map (5.4) in weighted Sobolev spaces typ- 
ically requires k > n/2, this can be actually avoided by requiring instead dif- 
ferentiability of (5.4) as a map from V'MJ^/^''"(5o) x V''<^'AJ^/^''"(5o) to 
i^'^i'i^'^'iao) X ^/'^A°//^(5o). 

Remark 5.4 We note that a necessary condition for 5(Jq^pq) 7^ is 

Jo e r'cl^,''''{go) , po e r^C^'^M ■ (5.6) 
In any case it seems that the situation of main interest is Jq = po = 0- 

Remark 5.5 The kernel in (5.5) is that of the operator P^^_^_q g^^^ acting from 
H^^x H'^^to (p^^H^ ^ X (p^'^H^^. We note that elliptic regularity shows that 
elements of the kernel are as differentiable as the metric allows, so the elements 
of the kernel are continuously differentiable solutions satisfying appropriate 
asymptotic properties. 

Remark 5.6 We do not assume that (Jo,po) = {J-, p){Kq, po). Even if this last 
equality holds, (0,0) will fail to be in <S if there are KIDs at (i^OiS'o)- 

Remark 5.7 We do not assume (Q, h) to be small. 

Remark 5.8 Some rather general conditions which guarantee existence of 
smoothing operators (3.1) are given in Appendix B. 

Proof: We wish to apply Lemma A.l with x = {dK, 5g) and 

u = Du{0) = ^P'^'Pl^KM,M ' 

v{x) = ip-\j,p){KQ + Qo + 5K,gQ + ho + 5g) - {J,p){Kq + Qo, <?o + ho)] , 

E = Aj,;-2'"(^o) X Aj;;-^^'"(5o) , 
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We start by verifying that 

is an isomorphism from E to G. We wish to use Theorem 2.2 with (ifojffo) 

there replaced with (Kq + Qo, go + h^), and with k there equal zero; the needed 
regularity conditions on Jiic{gQ + /iq) can be established by the calculations 
of Lemma 5.1 using (5.2) (recall that k > 2), while the condition on Kq + 
Qo follows immediately from (5.2). The remaining conditions are satisfied by 
hypothesis. Since there are no KIDs we conclude that Le=o = L^i,^^ (see (2.10)) 
is an isomorphism from Hl^^{go + ho) x H^^^{go + ho) to H^^^{go + ho) x 
,^{go + ho)\ those spaces coincide with the ones based on go by Lemma 5.1. 
The hypothesis of the existence of the smoothing operation (3.1) with k there 
equal implies that P* -^e^o P in 

implies that is an isomorphism from ^ x ^ to ^ x ^ for e small 
enough. So is injective on E. The weighted elliptic regularity condition 
implies Holder regularity of the solution, and surjectivity follows. 

We leave it as an exercise to the reader to prove, using Lemma 4.2 together 
with the arguments in Lemma 5.1, that: 

Lemma 5.9 Under the conditions of Theorem 5.2, the map (5.4) is smooth from 
a neighborhood of zero in V''</>Cj+''"(5o) x V'<^'C'J+''"(5o) to V'Cj+^'"(5o) x 



This does not suffice to prove differentiability of because of the topology 
involved; however, differentiability with respect to the Sobolev topology holds 
by hypothesis. 

It follows that near (Qo^^o) the set >5(jQ pg) is an embedded submanifold 
modeled on the kernel of ^Ko+Qo,9o+/»o- ^ 



Remark 5.10 The proof above actually gives a foliation of a neighborhood of 
(Qo, ho) in F = i,^^h'^';^^'''{go) x A2'J+J'"(ffo)) • Indeed, under the conditions 
of Theorem 5.2 we can use Lemma A. 2 from Appendix A with the same spaces 
as those in Theorem 5.2 and with L = u. For all {Qo, ho) € 5(Jq p^), there is a 
neighborhood V of zero in G = A^'^+^'°'(i?o) x A°'^'|^(5o) , such that 

{{Q,h) e ^'ct,K^^^,i%go) x ^^^"(^o), 

(J,p)(Ko + Q,go + h) = (Jo,/9o) + {5J,5p), Ker P*K,+Q,g,+h = {0}} 
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is a foliation. As we can do that for all points {Qo, ho) G «S(jp p^), we obtain a 
foliation of a neighborhood of ^j^jo.po) ™ ^• 

In fact, if we denote by Fq the open subset of '0^0^^','^^^'" (So) x ^^^^^(50) 
of elements {Q, h) such that 

kerP^„+Q,g3+;, = {0}, 

then the map from Fq to G defined by: 

f{Q,h) = {J,p)iKo + Q,go + h) - {J,p){Ko,go), 

is a submersion. In particular the levels sets 

{{Q, h)eFo, f{Q, h) = {SJ, Sp)\sj,Sp)eG, 

provide a foliation of Fq. 

For completeness we note the following result: 

Corollary 5.11 Every non-empty connected component of <S(Jo,pq) defined 
in (5.5) is a Banach manifold modeled on the kernel of PKo+Qo,go+ho 
V''*(Aj^+^''° X Aj;^+2'") for an (arbitrarily chosen) {Qo,ho) G 5(j„,p„). 

Proof: An embedded submanifold of a Hausdorff space is necessarily Haus- 
dorff . The local coordinate patches are provided by the maps which model S on 
its tangent spaces constructed in the proof of Theorem 5.2. It remains to show 
that all the kernels are {Q, /i)-independent. The proof of Theorem 5.2 shows 
that for all {Q, h) € ^(jg p^) there exists a neighborhood thereof in 5(jQ^pg) which 
is arc-connected. It then follows that a connected component of 5(,/(,,p(,) is in fact 
arc-connected, by observing that the set of metrics in (S^j^^pg) which can be con- 
nected to a fixed metric in p^) by a continuous curve contained in ^(jg p^j) 
is open and closed in <5(jg pg). Thus for two couples {Qo,ho) £ ^{Jo,po) 
{Qp, hp) £ '^{Jo,po)^ there exists an arc 7 in p,j) from one to the other. For 
each point x = {Q, h) G 7, there exists an r^; > such that p(,) n Bp{x, Vx) 
is diffeomorphic to an open subset of the kernel of PK+Q,g+h- As 7 is compact, 
there exists a finite number of points {xi = {Qi, hi) G 7, i = 0, ..,p} such that 
the union of the Bp{xi,rxJ^s covers 7. This provides a finite chain of diffeo- 
morphisms, a composition of which identifies the kernel of P(^K+Qo,g+ho) with 

that of P^K+Qp,g+hp)- 

□ 

6 Applications 

6.1 Compact manifolds without boundary 

In this section we apply Theorem 5.2 to the case where M is a compact manifold 
without boundary. As already pointed out, in this case we take 

(f) = ip = ip = 1, 

then the spaces we work with are the standard (non-weighted) Sobolev and 
Holder spaces. 
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Theorem 6.1 Letk>2 and a G (0, 1). Let go G C''+^^°', Kq g (7^+2,". Then 
any non-empty connected component of the set 

{J,p){Ko + Q,go + h) = (Jo,po), Ker P^,+Q^g,+h = 
is an embedded submanifold of C'^~^^'°' x (7'=+2,a. 

In Theorem 6.1 the kernel of the operator P^q+q g^+h taken as that 

of an operator from x H'^ to x H^, or from x to C° x C°, or from 

6.2 Asymptotically flat manifolds without boundary 

In this section we apply Theorem 5.2 to the case where M is an asymptotically 
flat manifold without boundary and with compact interior; by definition, this 
means that M is the union of a compact set with a finite number of regions, 
called ends, which arc diffeomorphic to M" \ B{0,R) for some R. We denote 
by 6 some arbitrarily chosen metric of differentiability class which co- 

incides with the Euclidean one in the asymptotically flat regions. Here and in 
the following sections the index m corresponds to the differentiability of the 
background, typically m = oo will be appropriate, however in some situations 
it might be useful to have a background with finite differentiability. The weight 
functions are (f) = r, with cp and i/j — powers of r in the asymptotic regions, 
which are easily seen to satisfy (4.1)-(4.4) in the asymptotic regions. We extend 
the function r to a smooth strictly positive function in the compact region, then 
the requirements on the weight functions are satisfied globally. It is convenient 
to relabel the iJ^^a and the C^J," spaces as follows: choose some m G N, for 
k G {0, m + 4}, a G (0, 1) and /? G M we set 

For A G M we define 

= A';::/.-.,,-x = n . (6.1) 

We also define for A; > 2: 

■M-k a = 1 5 is a metric uniformly equivalent to 5, 

g-5e C,%, \vf{g - 5)1, = o{r-% < Z < 2} . 

For 7 > and A; < m + 2 we let 

A-J _ A2,k+2,a /?N ^-7 ^0 

'^k+2,a ~ ■^r,r-"/2-2-7,r-7-2+nV''J ^fe+2,a ^fe+2,a- 

This corresponds to ^ = 7'"/2-2-7^ = g^^^ since (f) = r the condition 

(4.6) holds precisely for 7 > 0. The choice of weights here is justified by 
Theorem 7.7 in [12]. 
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With the labehng above, a metric such that g — 6 E A^^2 a '^ith f3 < 
clearly differs from the Euclidean metric by 0{r^). In order to see that this is 
actually o{r/^), for z G N set 

= r{2'R, 2'+^R) := 5(0,2^+ii?)\S(0,2^i?) . 

Let / G n Cf and let x„ € r„ be any point such that 

\f{xn)\ = sup \f{y)\ . 

If 11/11(^5 = there is nothing to prove, otherwise let 
For y G B{xn,rn) we have 

\f{y)-f{xn)\ < ( sup \Df\{z))\y-Xn\<C\\f\\^,n^-'\y-Xn\ < , 
which implies 

The left-hand-side goes to zero as n goes to infinity by the dominated conver- 
gence theorem, which easily implies the result. 

The reference metric will be taken to be such that £ •^fc+2,a- The 
reference Kq can be taken to be zero, but any Kq G ^^^+2 a ^ith Kq = o(r~^) 
will do; this last condition ensures that the ^-set condition of Theorem 5.2 
holds, see [12, Section 7] for details. 

We take the smoothing operation to be the one in Appendix B.l, the only 
thing which needs to be checked is the uniform covering condition (B.3): We 
write 

M"\B(0,i?) = U^or(2*i?, 2'+^R) . 

Now r(l,2) can be covered by a finite number of ball's B(xj, \xj\/8) with 
Xj G r(l, 2). Then T{2'R, 2'+'^R) can be covered by N balls B{2'Rxj, 2'-^R\xj\) 
with 2^Rxj G r(2'i?,2'+ii?). It is then clear that W\B{0,R) can be covered 
by a countable set of balls B{yk, |yfe|/8) with the property that for all A; G N, 

#0 , B{yi, \yi\/2) H B{yk, \yk\/2) ^$}<SN, 

as desired. 

We note that the differentiability of the map (5.4) follows from the weighted 
equivalent of the Schauder ring property of H^' n L°°. All the remaining hy- 
potheses of Theorem 5.2 will be satisfied by [12] (compare Section 7 there) 
under the following conditions: 
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Theorem 6.2 LetmeN,ke {2, ...,m}, a G (0, 1), go G Mk+2,a, Kq g Cj^._^2,a 
withKo = o(r'^). Let [3 > 0, /3 ^ {n-2, n-1}. Then any non-empty connected 
component of the set of KID-free initial data: 

{J,p)iKo + Q,go + h) = (Jo,po), Ker P*K,+Q,go+h = {0}} 
is an embedded submanifold of A^^2a ^ a ■ 

□ 



In the above the kernel of the operator P^q+q g^+h viewed as that of an 

operator from J^f^^"" x J&^+^-'' to x jr^""*. Elliptic regularity 

implies that elements of this kernel are classically differentiable KIDs such that 

Y = o(r^+2-"), N = o(r'^+2-"). It is known that for < /3 < tt, - 2 there are 
no non-trivial such KIDs, so we obtain: 

Corollary 6.3 Under the conditions of Theorem 6.2, if P & (0, n — 2) then all 
the level sets of the constraints map 

{{Q,h) e A^^+J, X {J,p)iKo + Q,go + h) = iJo,Po)} 

are embedded submanifolds of A^^^^ x -4,^^^^. 

Thus, within the above set of weights the set of solutions of the vacuum 
constraint equations does not have any manifold singularities. On the other 
hand, such singularities will occur at solutions with KIDs if higher values of /? 
are used. The interest of such higher /3's relies in the fact that the resulting 
manifolds of solutions possess fixed energy-momentum, or angular momentum, 
or higher multipoles, depending upon the value of /?. 

6.3 Compact manifold with boundary 

In this section we apply Theorem 5.2 to the case where M is a compact mani- 
fold with smooth boundary dM. We wish to construct manifolds of initial data 
on M with prescribed boundary values on dM, as well as a prescribed number 
of transverse derivatives at the boundary. Let 7 be any fixed auxiliary Rie- 
mannian metric of C'^'^^'°'{M) differentiability class. Let x > be a function 
that vanishes precisely on dM, with dx nowhere vanishing there. We start by 
considering power-law weighted spaces defined as 

We also define for m + 4 > > 2: 

M.k,a = {9 nietric uniformly equivalent to 7, 

5-7eC0^,, |V? (5-7)17 = 0(^-0, 0</<2}. (6-3) 
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(this differs from (6.2) by a different background metric and different functional 
spaces, we hope that this ambiguity will not lead to confusions.) For a >0 and 
m + 2>fe>0we set 

Aa _ Ak+2,a / \ ^ /-cr r C'^ 

The first inclusion shows that metrics of the form g = ^ + h with h G 
•^k+2a approach 7 at dM at least as 0{x'^), and in fact an argument similar 
to the one in Section 6.2 shows that this is actually at least o(x'^). The above 
corresponds to = x, <^ = ij) = with the choices being 

justified as follows: In [12, Theorem 5.6] we obtain metrics such that 5g is in 

^-(s-n+2)-n/2 H ^-(s-n+2). It Is couvenlent to number the spaces according 
to the decay rate of dg near the boundary, so we set a = s — n + 2. In the 
current set-up we have 6g in ilP'(lP'{H(j)^^ n C^^i^), which after straightforward 
algebra uniquely leads to the weights above. 

In order to obtain the required smoothing operator we use the results in 
Appendix B.l, we need to justify the covering condition there. Let T > 0, we 
set 

= {x = (x\...,x")} G R",x" > 0} = U~_^fi(2*T,2^+^r), 

where B{2^T ,2^+'^T) = {x = (a;\...,2;") G M",2^T < x" < We have 

dW\_ = {a; G R", x'^ = 0}. B{\,2) can be covered by closed cubes with edge 
sizes one, with pairwise intersections empty, or along the faces of the cubes. We 
choose one of those cubes, call it Ki, and we cover it by N{n) balls B{xi, l^^il/S) 
with G Ki; every other cube in B(l, 2) will then be covered by N{n) balls by 
translating the balls covering Ki. We cover ^(1/2, 1) with cubes of edge sizes 
1/2, intersecting along the faces only, such that a cube of S(l,2) intersects 
precisely 2'^'^ cubes of -B(l/2, 1). Each cube of i3(l/2, 1) can be covered by 
N{n) balls 5(xi, |xj|/8) with Xi in that cube by scaling by 1/2 and translating 
the balls covering Ki. An inductive repetition of the procedure leads to a 
covering of M" by a countable set of balls B(yk, \yk\/8) with the property that 
for all k, 

#{l , B{yu \yi\/2) n B(yfe, \yk\/2) 7^ 0} < C„7V(n), 

for some constant C^. Working in local charts, and using partitions of unity, 
the above construction provides the required covering near the boundary of a 
manifold. 

We refer the reader to [12, Section 5] for a justification of the remaining 
hypotheses of Theorem 5.2: 

Theorem 6.4 Let k G {2, m}, a G (0, 1), go G Mk+2,a, Kq g C^^^ a' '"'^^^ 

x\Ko\g^ + x^\VKo\g^ 
For (T > when n > 3 or (t > Q any non-empty connected component of 

(J, p){Ko + Q,go + h) = (Jo, Po), Ker P^,+Q^g,+h = 
is an embedded submanifold of A^~2 a ^ a • 
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Here the kernel of the operator Pjcq+q g^+h elhptic regularity, a sub- 

space of (^H-'^-"+2 X H-^-'»+2^ n (C*^+2(M) X C'=+2(M)). 
For further reference we note the following result: 

Proposition 6.5 Suppose that (Xc^o) e (C'^+^.a x C''+'^'°') (M), k>2, ae 
(0, 1), and let C M be a domain with smooth boundary and compact closure. 
For all s ^ (n + l)/2, (n + 3)/2, the image of the linearisation P, at {KQ^go), 

of the constraints map, when defined on ^A^^^^ x A^^^^j (f2), is 

(x"-^<-)n(A-_^xA-). 

Here /Cq is the space of KIDs which are in H^"" x H2~" C 
(L^ x L^) (r^, and orthogonality is taken in 

(L^ X L^) {^l,x~'^^^'^diigQ) . In other words, the image of P is 

[{J,p)&K+l,a^K% such that {(J,/>),(l^,iV))(i2g5L2)(n,dM,o) =0 

for all {Y,N) e HI-"" X H^-"" satisfying P*{Y,N) = 0} . 
Further P-\0) C A^+i^ x A^+f^ ^^^^^^^ 

Proof: The proof of this result is essentially contained in that of Theorem 6.4; 
the restriction on the constant a there arises from the requirement that the 
full non-linear constraint map be well defined, but this restriction is not needed 
for the linearised problem. We note that a closed space complementing P~^(0) 
is provided by Im (<1>^^^P*), for e small enough (compare the arguments in 
Appendix A), and that P restricted to this space is an isomorphism onto Im(P). 
□ 

Alternative useful weights arc the exponential ones, for those wc will use 
Proposition B.5 to obtain the needed regularisation. We take the following 
weight functions^° 

= ^2, = x'^e-'/'= , (^ = x2"e-^/^. 
With those choices we note that 

We define the space 

•^Ta ~ {9 nietric uniformly equivalent to 7, 

9-ie |V?)(5 - 7)l7 = < / < 2} . 

Using the results in Section 5 of [12] one now has: 

^^Theorem 5.9 and Proposition 5.10 of [12] provide 5g in ilP(j>'^{H^^^ n C^,^) = 
x'^{H^2^^-nes/x n C^2_es/«), which leads to the choices of the weights above. 
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Theorem 6.6 Let k e {2,...,m}, a G (0,1), go e Ko G x^'^C^tl'", 

with 

For s > any non-empty connected component of 

{J,p){Ko + Q,go + h) = {Jo,po), Ker P*KMg,+h = M} 

is an embedded submanifold of x^A^^!^^'^^^^/^^^^/^ x ,^2ng-./. • 

Here the kernel of the operator P^q+q g„+h ^ subspace of ^-n^-six ^ 
x2 x-^e-^/^ ' clhptic regularity shows that elements of the kernel are classi- 
cally differentiable in the interior, and it is standard to show that they are in 
C^+2(M) X C^+2(M). 

6.4 Conformally compactifiable manifolds 

In this section we apply Theorem 5.2 to the case where M is a conformally 
compactifiable manifold (with a compact conformal boundary at infinity), as 
in Section 6 of [12]. Let 7 be (7"*+^'" conformally compactifiable, so that 7 = 
x~^7, with X - defining function for the conformal boundary 5M, and 7 - a 
Riemannian metric on M of C"^+^'°(M) differentiability class. In that context, 
it is natural to define 

Hi :=ijf^^_.(7) = H^,(7), 
(7) = q,j7), 



and for t > 0, 



The space A^fe^a is defined similarly to (6.3), but both the background 7 and 
the function spaces involved are different now: 

TWfeo; = {g metric uniformly equivalent to 7, 

5 - 7 e CO,, |V?(5 - 7)l7 = 0(1), < i < 2} . 

The same locally uniform covering as in the preceding section can be used here, 
so the smoothing operator of Appendix B.l applies, leading to: 

Theorem 6.7 Letk G {2, ...,m} and a G (0,1). Letg^) G Mk^a, Kq = \ogo+Lo 

with Lo,Xo G C^+2,a' l^oli ^a;^0 0, IV-L0I7 ^a;^0 0. Let t > 0, t ^ {{u - 

3)/2, (n — l)/2, (n + l)/2}. Then any connected component of the set 

{J,p){Ko + Q,go + h) = (Jo,po), Ker P*KMg,+h = {0}} 

is a submanifold o/ A^^2 q ^ •^k+2a- ^ t < {n+l)/2 the kernel condition 
is automatically satisfied. 
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Here the kernel of Pk^+q go+h ^^^^ ^ from H^^ x 7t!^* to 7t!q * x TtCq *; 
this can also be reformulated in terms of classical differentiability in appropri- 
ately weighted spaces. 

Remarks similar to those following Corollary 6.3 concerning the value of t 
apply here. 

Remark 6.8 For {Q,h) e «S(Jo,pq) we have that \Q\.y = o(l) and |VQ|-y = o(l). 

A Submanifolds, foliations 

The following is a variation of an argument in [17]: 

Lemma A. 1 Let E, F and G he three Banach spaces, and let u (resp. v) be a 
map defined from a neighborhood of in E (resp. F) to F (resp. G) such that 
ti(0) = (resp. v{d) = Oj and which is differentiable at 0. We also assume 
that Dv{0) o Du{0) is an isomorphism from E to G. Then the set ^"^(0) is a 
submanifold of F in a neighborhood ofO. 

Proof: For x e F, 

X = DuiO) o [DviO) o DuiO)]-^ o Dv{0)ix)+x- Du{0) o [Dv{0) o Du{0)]-^ o Dv{0)ix) . 
e Im Du(o) G Ker Dv(o) 

(It easily follows that F = Im Du{0)(BKciDv{0), with both summands closed.) 
As Dv{0) o Du{0) is an isomorphism, the inverse function theorem shows that 
w o u is a diffeomorphism in a neighborhood of 0, so for a; G -P close to zero we 
have 

x = uo [v o u]~^ o v{x) +x — n o [t; o u\~^ o v{x) . 
e Imu 

Let us define a map from a neighborhood of zero in F to F by 

f{x) =x + uo[vo u]"^ o v{x) - Du{0) o [Dv{0) o Du{0)]~^ o Dv{0){x) . 
One clearly has 

Df{0) = Id , 

and the inverse function theorem shows that / is a diffeomorphism in a neigh- 
borhood of zero. We also have 

X € v-^{0) f{x) G Ker Dv{0) , 

(for the "<^" part we use the fact that Dv{0) o u o o n]~^ is an isomorphism 
near zero), so / provides the required map modeling v~^{0) on a linear space. 
□ 

Lemma A.l shows how to straighten- up a level set of v; one can similarly 
show existence of foliations by level sets: 
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Lemma A. 2 Let E, F and G three Banach spaces, L a linear continuous map 
from E to F, V a mxip defi/ned from a neighborhood of a point xq in F to G, 
continuously differentiable near xq. We assume that Dv{xq) o L is an isomor- 
phism from F to G. Then there exist a neighborhood V of yo = v{xo) in G such 
that the collection of level-sets of v, 

{x e F , v{x) = y}y(zv, 

is a foliation of a neighborhood U of xq in F. 

Proof: We have that Dv{x) oL is a diffeomorphism for x G F close to xq, one 
then has as in Lemma A.l that 

F = ImL © KerDv{x), 

and one easily checks that ImL is closed (recall that all maps are continuous). 
So Dv{x) is surjective and its kernel splits. From [25, p. 21] the map v is 
then a submersion near xq. In particular, again from [25, p. 20], there exist 
U neighborhood of xq in F, V neighborhood of yo in G and two isomorphisms 
if : U — > Ui X U2 (Ui and U2 open subset of some Banach spaces) and tp : 
V — > V2 (V2 open subset of some Banach spaces with {72 C V2) such that 

ijj ov o ip~^ -.Ui X U2 — >■ V2, 

is the projection on the second axis. This gives the desired foliation of U. □ 



B Two weighted smoothing operators 

In this appendix we will show how to define smoothing operators as needed 
in the body of the paper; this will require a set of conditions on the functions 
(f) and if, compatible with the usual settings of interest in general relativity. 
The technique of Appendix B.2 seems to be somewhat simpler than that of 
Appendix B.l, and does not require any covering conditions. However, cover- 
ing conditions arise naturally when regularising functions in weighted Sobolev 
classes, therefore it seemed of interest to us to present both methods. 

B.l Smoothing with locally uniformly finite coverings 

Throughout this appendix we assume that the manifold M is an open subset 
of R", equipped with an Euclidean metric (which is of course not the physical 

space metric we are interested in), and we will be regularising functions. The 
regularisation can then be applied to tensor fields on more general manifolds 
by using coordinate patches, partitions of unity, and usual covering arguments. 
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We assume that (f) and if verify (4.1)-(4.3). For all p G M, we denote by Bp, 
the open ball of center p with radius (f>{p)/2. We require that^^ for all p G M, 

B{p,(t>{p))cM . (B.l) 

For p € [1,00) we shall use the following notation: 

Bf = Bipi,cf>{p,)/p). 

Our next restriction is that the manifold can be covered by a countable collec- 
tion of balls Bf, 

M = U°Z,Bf , (B.2) 
such that there exists an A?^ G N so that for all i eN, 

#{j ,BfnB]^fD}<N . (B.3) 

For p G M, we set 

(pp : B{0, 1/2) 3 z^p + (f>{p)z G Bp . 
This implies that for all functions n on M and all multi-indices 7 we have 

d]{u o (fp) = (j){p)\'^\{d^u) o (fp . 
Using (4.2) and (4.3) it is easy to see that we have: 

Lemma B.l For p G [2,8] the following norms on C^'^(-/W) are equivalent: 

~ SUp,gpj||uo<^pJ|^.,.^^^(^(^^^/^^^. 

We now construct a convenient partition of unity: 

Lemma B.2 There exists a partition of unity 

00 

i=l 

with smooth functions Q > 0, and Q = outside Bf, such that for all I € N 
and a G (0, 1) there exists a constant C(l, a) so that for all i G N, 

ll'^^llc^'«(M) ^ C{l,a). 



^^Equation (B.l) can be replaced by the weaker condition that there exists fj, > such that 
for all p 6 M we have B{p,fi4>{p)) C M, as changing cj) to for a positive constant n leads 
to equivalent norms. So, e.g. in the asymptotically flat case, one actually has to replace the 
weight (f) — r for r > R hy (f> — r/2R. Any such rcscaling lead to obvious changes in the 
hypotheses needed for the covering arguments below. 
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Proof: Let x be a smooth non-negative function on R" such that % = 1 on 
B{0, 1/8) and X = outside B{0, 1/4). We define 

Z^j=l Xj 

Let us show that the sum in the definition above is weh defined and greater 
than one. If x G Bf. there exists at most N bahs Bj, with N given by (B.3), 
such that X £ Bj. Since Xj has support in Bj, the sum at x is over a finite 
set. If X e Bf then Xii^) = 1 thus the sum is not less than one. If x G Bf\Bf, 
from (B.2), x must be in some Bj thus Xji^) = 1 ^^id then, again, the sum is 
greater than or equal to one. 

Now, Xi ii^-s compact support so is in C^'"(M), and from Lemma B.l 

IIXj|lcJj'_<J(M) ^ ll^'llc^'"(B*) - ^'ll^»°'^PillcJ;?(B(0,l/4)) ^ ^'ll^llc{;?(B(0,l/4)) ^' ^1' 

where Ci depends upon I and a but does not depend upon i. So we have that 

oo 



and thus 



||^Xillc;-(^)<A^C'i. 

Finally, as the sum is greater than or equal to one it is easy to see that the Q''s 
satisfy the desired properties. □ 

Let 6 by any smooth strictly positive function on M", with support in 5(0, 1) 
and such that 

1. 



/ 



For £ > we set 

For u a function on M and e > 0, we define 

Ui = Qu , Ui = UiO ipp. 



oo 



l 1 "-1,6 — "'1,6 ^ ) — / ^ "-1,6 

i=l 

Proposition B.3 Let u e C*'"{M). For all e G (0,1/4) and all m e N we 
have Us G C™^(M). Further, u^ converges to u in C^'^{M) as e goes to zero. 

Proof: First remark that as the Uj's have support in Bf, then for £ < 1/4 the 
functions Ui^e have support in B^. It follows that on B^ we have 

{j ,BfnBU$} 
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Lemma B.l and B.2 together with standard properties of convolution in 
imply 

"^^"^'^(■Bf) - ^{j ,BfnB]^$}hj,e\\c^.^^Bf) 

= 12{j ,BfnB]^$} \\uj,e\\c^.^(^BfnB]) 

< C-Eo ,BfnB^^0} ll%,-llc^j«.,_^(^.,(B(0,l/2)) 

< C J2{j ,BfnB]^$} 11% llc^j;.)^^^ .j(B(0,l/2)) 

< NC"C{k,a)\\u^.^^^: 

In particular G C^''^^{M), with norm uniformly bounded in e. Let us now 
show that in fact is also in C^'l^{M) for any I > 0. First, we have: 



< C||5'6'e||ii(B(o,i/2)) \\(piPi)d''Ui\\L'>o(B{0,l/2)) 



= C^\\d''9\\Li(js^n)\\(p{pi)d''ui\\Loo(^B{o,i/2)) 



C 



Thus we have 

SUplc^Z+'a'^+'u,! < V sup |^</,'=+'5^+'u,-,| < NC"'^\\U\U (M) , 

^< {j , B?nB]^9}^i^^j 

and then, using Lemma B.l, 

sup|(^0'=+'5'=+'^,| < Arc'"^||«||e. , 

which gives G C'^']^{M) for any i > 0. 

Let us pass now to the proof that converges to u in C^'^(M). We have 



'"C^;^(-B|) - " (■8(0,1/2)) 

< C'£°'\\Ui\\^k,a 



^r:;(p,) (-6(0.1/2)) 



Thus as Us — M = ^^i(tii,e — Ui), on 5^?, we have 
{j , Bf nsf^o} 



then finally 

\\Ue - ^llc^.«(M) ^ ^C''^"ll«llc*;;(M) • 

□ 
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B.2 Smoothing using a weighted convolution 

For the exponential weights considered in Section 6.3 the uniform covering 
condition of the previous section seems to be awkward to verify directly, if true. 
It is therefore convenient to proceed differently. In what follows we will assume 
that M is an open domain in M", this can again be gotten rid of by using 
partitions of unity and passing to local charts. As in the preceding section, we 
assume that <p and tp satisfy (4.1)-(4.3) and that (B.l) holds. 

Lemma B. 4 The following norms on C^'^(M) are equivalent: 

~ suPpgmII«IIc^.^^_^^^^(b^)- 

□ 



For u e Cj;°(M) and for e G (0, 1/2), we define the smooth function on M 
(here 6 is as in the preceding section): 



/ 6{z)u{x - £(i){x)z)d"z. 

JzeB(o,i) 



izeB{o,i) 

Proposition B. 5 Let u e C^;^(M). For all e G (0,1/2) and all m e N we 
have G C^^{M). Further, converges to u in C^'^(M) as e goes to zero. 

ist siiuw uiiai Us c L 

of e. We have 



Proof: We first show that Ue G C^;^(M) with norm bounded independently 



\ip{x)Ue{x)\ < sup \ip{x)u{y)\ < C||u|Lfc,a.^s, 

where the last inequality comes from Lemma B.4. For the first derivatives, we 
have 

diUe{x) = I 6{z)dju{x — £(p{x)z){5l — edi(p{x)z^)d"'z. 

J2eB"(o,i) 

So from equation (2.5) and Lemma B.4 we have 

\(p{x)(f){x)diUe{x)\ < C sup \^p{x)4){x)du{y)\ < C'\\u\\^k,a,j^.. 

y€B'^{x,e<t>{x)) '''•v^ ' 

It should be clear that similar inequalities are true for the k^^ derivatives and 
for the Holder quotients, leading to 
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We leave it as an exercise to the reader to show in a manner similar to that in 
the preceding section that is in fact in Cj+'(M) for all / G N. 
Writing 

Us{x) — u{x) = / 9{z)[u{x — £(f){x)z) — u{x)\dP'z, 

one similarly shows that 

\\ue - "llc*;^(M) - ^ll^"c*;^(M)^" ' 
so that converges to u in C^'"(M) when e goes to zero, as required. □ 

Acknowledgements: PTC acknowledges useful discussions with L. Anders- 
son and R. Bartnik. 
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